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Abstract: This paper intends to tune fractional order proportional derivative controller for the
performance, stability and robustness of second order plus time delay plant. The tuning method
is based on the previously proposed “frequency frame” which is a rectangular frame enclosing
gain and phase margins limited with gain and phase crossover frequencies in the Bode plot.
Edges of the frame are tuned to achieve desired crossover frequencies and margins. By shaping
the curves of the Bode plot, improvements are observed in the performance and robustness of the
second order plus time delay system controlled by a fractional order proportional derivative
controller. Generalized equations to obtain the parameters of the fractional order proportional
derivative controller for second order plus time delay plant are given. In contrast to existing
studies, this method reduces mathematical complexity when providing desired properties. Three

examples are considered and effectiveness of the frequency frame is shown.
Keywords — Frequency Frame, phase, gain, crossover frequency, margin, FOPD, SOPTD, Bode.
1. Introduction

Fractional order calculus (FOC) had an explicit impact on many processes since the first idea
came up in the late 17th century [1-3]. A fractional order differential equation can have orders of
real numbers. Due to its superior performance comparing to the classical case, such motivation
[4] is implemented on physics [5], electrical circuits [6] and fractances [7], signal processing [8],
mechatronic systems [9], robotics [10] and neural networks [11-13] etc. This performance is
achieved by the fine tuning capability brought by non-integer order differentiation thus, better
system response can be achieved by this new perspective. Lately, number of the researches on

control theory also had a significant increase [14-17].
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Proportional integral derivative (PID), as being the leading controllers in so many industrial

processes, are modified in a fractional order way of thinking as p1“p* controllers [18, 19].
Besides, well-known proportional integral (PI) and proportional derivative (PD) controllers are
also reconsidered as p1* and pD”* respectively. This paper focuses on fractional order
proportional derivative (FOPD) controllers. The last decades brought a large number of studies
related to FOPD controllers. For example, Li et al. proposed a FOPD controller tuning algorithm
in [20] and tuning rules of a FOPD motion controller in [21]. Tuning method of FOPD
controllers for path tracking of tractors is presented in [22]. General robustness analysis of FOPD
controllers and time-constant robust analysis of FO[PD] controllers are studied in [23, 24].
FOPD controllers also have applications on real-world processes. FOPD and FO[PD] controllers
are researched on hydraulic servo system in [25] and DC motor control is utilized by a FOPD
controller in [26]. Achievable performance region computation for a FOPD motion controller is
studied in [27]. The list of FOPD related studies can be widely extended.

This paper aims to tune FOPD controllers for time delay plants in the second order (SOPTD)
considering four frequency properties of magnitude and phase. SOPTD plants are recently used
on describing a numerous number of industrial processes such as heat exchangers [28]. There
proposed a considerable amount of studies related to controller tuning for SOPTD plants. For
instance, tuning of PID controllers for critically damped SOPTD systems is studied in [29]. A
valuable study on modeling of stable and unstable SOPTD systems can be found in [30]. A
review on PID tuning rules for SOPTD inverse response processes is presented in [31] and
similar to the study in this paper, FOPD controller design for second order systems with pure

time delay is given in [32].

The method implemented in this paper, namely the frequency frame shows a new perspective
when comparing to existing studies in the similar direction. Most of the studies which focus on
tuning controller parameters consider only one frequency specification which is usually the gain
crossover frequency. For example, Wang et al. studied on non-integer order proportional integral
(FOPI) tuning for time delay plants in the first order (FOPTD) in [33]. The method in the
reference is based on tuning the controller by considering two specifications which are the gain
crossover frequency and the phase margin. Similarly, Luo and Chen proposed the FO[PD]

controller for robustness [34]. Likewise, the method tunes the gain crossover frequency for its
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purpose. In spite of above studies, the frequency frame considers both gain and phase crossover

frequencies to compute the parameters of the FOPD controller.

Main idea of this paper is to shape the phase curve between gain and phase crossover
frequencies. A rectangular frame is drawn limited by gain and phase crossover frequencies from
left and right. Lengths of edges of the frame are tuned to obtain these frequency values towards
researcher’s desire. As known, flattening the phase curve provides improved robustness to the
system to resist gain changes. This flattening procedure is used in some existing studies [35-38].
However, in these studies, the phase is flattened by setting the phase derivative to zero at a
desired frequency value. In spite of the existing studies, this paper provides flatness by tuning the

edges of the frequency frame. Thus, mathematical complexity is significantly reduced.

The frequency frame was firstly proposed for tuning FOPI controllers for FOPTD plants in [39].
Distinctly from the first study, this paper implements the approach on tuning a FOPD controller
for a time delayed plant of the second order. Main motivation of this study is to improve the
performance and robustness of the SOPTD plant with a fractional order controller which lacks
the integral operator. This method aims to tune the controller parameters to satisfy both desired
gain and phase crossover frequencies as mentioned in the previous paragraphs. Besides, the
frequency frame approach considerably reduces the mathematical complexity with its different
perspective. A fractional order controlier is preferred in this paper since, satisfying both gain and
phase crossover frequency values requires two different controllers. The first controller is tuned
to satisfy desired phase margin at the desired gain crossover frequency. Then, the second one is
tuned to provide desired gain margin at the desired phase crossover frequency. To combine these

two controllers, there is the necessity of a common variable which is the fractional order , of

the controller. Thus, one controller will be obtained satisfying frequency specifications towards
researcher’s desire at the same time. Another purpose is to deal with the compelling structure of
the FOPD controller.

This paper utilizes the frequency frame approach for tuning FOPD controllers for SOPTD plants.
The method gives generalized equations to compute all unknown parameters of the FOPD
controller. Four specifications of gain crossover frequency, phase crossover frequency, phase
margin and gain margin are considered. As known, working with PD or FOPD controllers mostly

yield the system response to include a considerable steady state error. This comes from the lack
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of the integral operator which reduces this unwanted behavior. The study in this paper aims to
satisfy both stability and robustness of the plant with a FOPD controller by a new point of view.
The contribution of this paper to the literature can be summarized as follows. The tuned
controller is in FOPD type, which does not have the integral operator. This type of controller
usually shows a response with steady state error. By the frequency frame tuning, the steady state
error is relatively reduced. Also, by tuning gain and phase crossover frequencies while tuning the
phase margin separately, the phase curve can be shaped without mathematical outgrowth. As the
method is frequency domain based, frequency response formulas of a system with fractional
order are comparatively complicated. Besides, calculating the derivative of the phase of the
system at a certain frequency is a challenging issue. This paper uses a graphical approach to
shape the phase of the system to reduce this complexity. A preliminary study on tuning FOPD
controller for the FOPTD model with this new approach can be found in [40]. As the conclusion,
frequency specifications of the system can easily be tuned via the frequency frame method and
this provides a new point of view on robustness improvement issue without bringing new
mathematical complexities. Also the method can. successfully be used with different types of

fractional order controllers.

The following sections of this paper are organized as follows. Section 2 represents FOPD
controller, SOPTD plant and introduces the frequency frame. Third section gives the systematic
design procedure of FOPD controller for SOPTD plant. Three illustrative examples are given in

section 4 to clear the process. Section 5 has the conclusions.
2. SOPTD Plants, FOPD Controllers and the Frequency Frame
General representation of a SOPTD plant is given in the following form.

P(s) = < e " 1)
(T,s+1)(T,s+1)

where, K is the gain, T, and T, are time constants, L is the time delay. The FOPD controller is
defined in the following way.

C(s) =k, +k,s", ue(0,2). (2)
Thus, the system is,

G(s)=C(s)P(s). (3)



Journal Pre-proof

The frequency frame is illustrated in Fig. 1. As known, the Bode plot consists of magnitude and
phase curves. The frequency value when the magnitude curve cuts the odB line is called as the

gain crossover frequency and shown as . in this paper. Similarly, the frequency value when

the phase curve cuts the —180° line is the phase crossover frequency and denoted as o, .

c

Difference of the magnitude plot with odB line at » _ is the gain margin (GM) and difference of

pc

the phase plot with -180° line at o  is the phase margin (PM). In this paper, controller

parameters are tuned to ensure gain crossover frequency, phase crossover frequency and phase
margin simultaneously. It has been widely studied in the last decades that these frequency
properties have direct or indirect effects on the stability, performance and robustness of the
controlled system. Tuning of phase and gain margins has been a challenging area of research and
there can be found numerous studies in the literature. For example, independently selection of

phase and gain margins based on the IMC structure is studied in [41]. Adjusting GM, PM, o
and o, based on frequency data is presented in [42].

In spite of the optimization techniques, the frequency frame method calculates the controller
parameters analytically. One of the advantages of this is the reliability of the calculated
parameters in that the parameters do not change in each computation. Comparing to
optimization, analytical calculation of the parameters is relatively challenging. Optimization
techniques are mostly heuristic and meta-heuristic approaches that approximate the result step by

step. The frequency frame method finds the exact solution that provides the desired parameters.

. ®, ,
2010g|G( jw)| 40 s =
Left Limit 1Right Limi
5 20 ® ® "
o
§ 0 \\ CTo:) Limi
2 A T
- " GM-y,
g .
M T
—
A Yo Frequency ;
ZG(jw) o & Frame :; ¥
o v )
oo
N :PMLY epoontimt |
f: —x—> N
o 270 N~
-360 1 5 1
10° 10 10
@ (rad/sec)

Fig. 1. The frequency frame.
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As seen in Fig. 1, left limit of the frame is named as A and the right limit is named as B.
Similarly, top and bottom limits of the frame are named as C and D respectively. Lengths of the

upper and lower edges are determined as x=o, - . Lengths of the side edges are

pc
y=y,+y,+y, where, y_isthe phase margin and y, is the gain margin. y, is the remaining

line between lower value of GM and upper value of PM. Purpose of the frequency frame is to
shape the curves inside the frame by changing the lengths of related edges. This will provide us
to enhance the margin of the system robustness. Tuning of phase and gain margins will be

possible by straitening the edge y while fixing the limits A and B. Similarly, expanding the x

edge while C and D limits are fixed, will give us the possibility to shape the magnitude and
phase curves.

As referred in the first section, existing studies mostly consider only the gain crossover
frequency to tune the controller. However, this method focuses on tuning the controller
embracing both crossover frequencies. Therefore, the frequency frame method which includes
both frequencies is developed. Next section presents the tuning procedure of FOPD controller for
SOPTD plants.

3. FOPD Controller Design for SOPTD plants via the Frequency Frame
In this section, frequency properties mentioned in the previous sections are given. Then, the
theorems to compute the controller are given. Following are the gain and phase specifications

considered.

e Phaseat o,

£G(jo,)=PM -z (7)
e Ganato,,,

6 (iw,)|=1 (8)
e Phaseat o,

£G(jo,)|=-7 ©)

e Gainato,,
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_ 10820 (10)

G (jo,,)

Frequency frame is a frequency domain approach thus, frequency domain notations of both plant
and the controller have to be found. Frequency domain response of the plant can be found by
replacing s to jo in Eq. (1) as,

K

P(jo)= e 1
(T,(j@)+1)(T,(jo)+1)
(11)
K ? (K (T, +T,)e )
= £ —arctan| ———— |- Lo
(1+T ") (1+T,%0") K -KT,T,0" )
Similarly, frequency response of the controller is,
C(jw)=k, +k,(jo) =k, +k,0” cos(zu/2)+ k" sin (zu/2) (12)
Thus, the system is,
G(jo)=C(jo)P(jo) (13)

Then, following theorem holds on finding the FOPD parameters based on desired phase margin

at the desired gain crossover frequency.

Theorem 1: Considering Eq. (7) and Eq. (8), desired PM at desired »,, can be provided by the

following FOPD controller.

2 2 2 2 2 2 2 2
.. \/1+T1 o \/1+T2 O - \/1+T1 o \/1+T2 o’ cot(zu/2)tan (p,)
=+

(14)
KyfL+ tan (p,)° KL+ tan (p,)’
and
o/ \L+T 0} \1+T, 0] csc(zu/2)tan (o,
) N J (e /2)tan (,) )
K\/1+tan((p1)2
where,
(K(T,+T,)o, )
@, = PM -7 +arctan L—ZJJr Lo, (16)
K-KTT,0

Proof: Frequency domain notations of the plant and the controller was given in Eq. (11) and Eg.

(12) respectively. Therefore, magnitude and phase of the plant and the controller are as follows.
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2

K
[P (jo)|= — — (17)
(1+le )(1+Tza) )

4P(jm)=—arctan|(w\|—La) (18)
(K -KTT,0" )

lc(io)|= \/(kp + k0" cos(m,/z))2 + (k " sin (7[/.1/2))2 (19)

( kda)#sin(ﬂ,u/Z) )

ZC(jw) = arctan , (20)
Lkp +k,0f COS(ﬂp/Z)J
From above equations, magnitude and phase of the system are,
6 (jw)|=|c(iw)P(jo)|=|c(jo)||P(jw)] (21)
ZG(jo)=2C(jo)P(jo)=2C(jo)+ LP(jw) (22)

Replacing » with « , in Eq. (21) with consideration of specification (ii) in Eq. (8) results as,

c

=1

6 (iwy,)|= [c Gw,||P(io,.)

K’ (23)
(1+ lew;)(l + Tzza)gzc)

= \/(kp + kda)g"ccos(zm/Z))2 +(kdw$’csin(ﬂy/2))2 x\/

Similarly, replacing o “with »  in Eq. (22) with consideration of specification (i) in Eq. (7)

c

results as,

ZG(jow,)=2C(jo,)+ ZP(jo,)=PM -z

([ kol sin(zu/2) ) (K(T,+T,)o,, ) (24)
= arctan —arctan| ———— |- Lo,
k, + koo cos(zu/2) K-KTT,0

According to the magnitude and phase in Eq. (23) and Eq. (24) k, and k, of the controller can

be found as given in Theorem 1. o

Theorem 2: Considering Eq. (9) and Eq. (10), desired GM at desired « ,, can be achieved with

the following controller.
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GM /20 2 2 2 2 GM /20 2 2 2 2
10 \/1+T1wpc\/1+T2wch_r10 \/1+T1a)pc\/1+T2a)pc cot(zu/2)tan(p,)
2

- (25)
2
K o1+ tan (p,) K o1+ tan (¢,)
and
1()6“"’20a;’*‘\/1+TZa)2 \/1+T ‘w’ csc(zu/2)tan (p,)
kd _ pc 1 pc 2 PCZ 2 (26)
where,
(K(T,+T,)o, )
¢, =-r+arctan| —————— |+ Lo (27)
K - KTsza)pc

Proof: Similar to the previous proof, replacing » with » in Eq. (21) with consideration of

c

specification (iv) in Eq. (10) results as,

GM /20

& (iw,)|=[c (iw,)||P (io,)|=10

K’ (28)
(1+ T, ;c)(1+ Tzza)ic)

= \/(kp + ko cos(/ry/Z))2 + (ko sin (7z,u/2))2 x\/

Replacing » with o in Eq. (22) with consideration of specification (iii) in Eq. (9) results as,

AG(ja)pC)zZC(ja)pc)+4P(ja)pc)=—7z

( kdw:CSin(ﬂy/Z) ) (K(T1+T2)a) (29)

= arctan L

B
—arctan —2’” - Lo,
kp+kdw;’ccos(ny/2) K -KTT,o

1To®
Then, common solution of Eq. (28) and Eqg. (29) results with the equations given in Theorem 2.
O

Consequently, parameters of two controllers are derived. Controller formulas in the theorems
may seem relatively complicated. This comes from the frequency response computation of

(i»)" and the time delay term in the plant. Here, » can take an arbitrary real number. The
controller gets a plain structure when the common fractional order  is found. For this purpose,

in Eqg. (15) and Eq. (26) have

d

solutions of k  in Eq. (14) and Eq. (25) as well as solutions of k

to be found in the range < (0,2). Firstly, Eq. (14) and Eq. (25) have to be equalized and

GM /20

10 w.r.t « e (0,2) have to be plotted. Similarly, equalization of Eg. (15) and Eg. (26) and
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GM /20

plotting 10 will give the second plot. Intersection of the curves gives » . Then, » can be

replaced in the related equations of k, and k, . There can be drawn two different plots due to the

opposite signs of the equations as found previously. As the fractional order takes its values in the
interval . < (0,2), the plot in the positive region is acceptable. This procedure is clearly
explained on three examples in the next section.

4. Case Study
This section presents three examples to demonstrate the frequency frame. Stability analysis of
the systems are realized by plotting the step responses for each controlled system.

Example 1: Consider the SOPTD plant provided from [43].

0.3 -0.01s
e

P(s)=——m—
(2s+1)(s+1)

(30)

Desired gain and phase crossover frequencies for this example are o  =10rad/s and

o, =180rad /s . Suppose that Pm = 90°. By replacing the above variables in Egs. (14) — (25)

GM /20

and Egs. (15) — (26), k, and k, can be obtained w.r.t. » . Then by plotting 10 in the range

u € (0,2) we can obtain . . Fig. 2 presents the related plot.

0.2

—

0.16
012
0.08 [

0.04

0
-0.04 -

-0.08 [

1OGMIZO

-0.12

-0.16 -

0.2 1 f f 1 L L L 1 |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
"

Fig. 2. Plot of 10°" " w.rt x < (0,2) .

GM /20

Red curve is the plot of 10 obtained by equalizing Eq. (14) to Eq. (25) and blue curve is the

GM /20

plot of 10 obtained by equalizing Eq. (15) to Eq. (26) in the range of u < (0,2). Their
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intersection point shows the common fractional order . =1.1469. Thus, following controller is

obtained.

C,(s)=190.643+49.0765s" """ 1)

Bode plot of the system G, (s) = C,(s)P,(s) is shown in Fig. 3.

Bode Diagram

o)
o

T T
ugc=9.99 rad/s < “’pc=1 79.99 rad/s

B [=2]
o o
T T

Gain Margin (dB): -21.1613
Phase Margin (deg): -179.9945
At frequency (rad/s): 179.99

<= Magnitude
04gB

Magnitude (dB)
X o B

N
o
T

A
o

o

o D
is
o o
> 2

3
o

Gain Margin (dB): 0.0074681
[ Phase Margin (deg): -90.0048
At frequency (rad/s): 9.99

Phase (deg)
w
(2]
o

&
N
o

“’gc=9'99 rad/s = 179.99 rad/s

5
N
o

10 100 10° 1010
Frequency (rad/s)

Fig. 3. Bode plot of the system G (s) = C,(s)P,(s) .

It can be seen in Fig. 3 that the desired crossover frequencies are satisfied. Fig. 4 illustrates the

closed loop step response of the above system and also step responses of the system with +50%

iteration of k. We can conclude from the step response in Fig. 4 that the system is stable within

obtained controller.

Systems could be under unexpected load disturbances. We can also test the proposed method on

the system under disturbances as shown in Fig. 5. Fig. 6 presents the step response of the original

system with M =90° and step response of the system with 10% load disturbance.
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Step response

12
~ Kpfor PM=90"
——— Kp-50%
1k —~— Kp+50% =
08
(0]
hel
2
£ 06
€
<
04
1
1
|
021
|
|
| L 1 1 L L L L
0
0 05 1 15 2 25 3 3B 4

Time (seconds)

Fig. 4. Step responses of G, (s) = C,(s)P,(s) and +50% variations of k.

d

R(s) Cls) —»é—» P(s) > Y(s)

FOPD SOPTD

Fig. 5. SOPTD system under load disturbance

Step response
12

~ Original System for PM=90"
— 10% Load Disturbance

Amplitude

0 0.5 1 15 2 2.5 3 35 4
Time (seconds)

Fig. 6. Step response of the system under load disturbance of 10%.

According to Fig. 6, the system kept its stability against the load disturbance of 10%. We can
compare the results obtained in Fig. 3 and Fig. 4 with existing studies. The study in [24] aims to
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tune FO[PD] controller for motion control system. The plant used in the paper is a FOPTD

model and the aim is to tune the gain crossover frequency to be » =1.2rad /sec and the phase

margin to be pm = 60°. When we check Fig. 3 in the paper, we can say that the given values
are pretty approximated. In the cited paper, flatness of the curve is provided by equalizing the

derivative of the phase to zero at », . Similarly, stability is shown by giving the step response of

the system in Fig. 4. With the frequency frame method, not only the gain crossover frequency,

both »  and »  specifications are achieved. In [24], robustness is checked by giving the step

response of the system with +209 Variations of the time constant T in Fig. 7. With the help of
the frequency frame method, the system remained stable against +50% iterations of the
controller gain « . Also it is shown that the system response almost remained the same under
unexpected load disturbances. Let us consider the study in [20] which aims to tune FOPD
controller for non-time delayed first order plant. Objective of the design is to satisfy desired gain
crossover frequency and the phase margin. The interested specifications are set as
w, =60rad /sec and pm =70°. Fig 2 in [20] shows that these specifications are successfully
obtained. However, the phase crossover frequency and the gain margin properties are
disregarded. Also, the robustness in Fig. 3 is satisfied by setting the phase derivative to zero at

o, =60rad /sec. Thus, the frequency frame method brings a different point of view. The

9

advantages of the frequency frame can also be investigated by comparing the results in [21-23].

Proposed equations can be tested with Bode plots of the system with varying PM values. The

phase margin is varied in the range of PM e (10° — 90°) with increment steps of 10°. Then we

obtained 9 different controllers for the SOPTD plant. Bode plots of these 9 systems are given in

Fig. 7. Also step responses are given in Fig. 8.

Fig. 8 shows that all systems with changing PM values show stable behaviour. Also the systems

are robust against gain variations of up to +50% . This proves the effect of the frequency frame.

Now, another example of a SOPTD plant is considered.
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Bode Diagram
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Fig. 7. Bode plots of the system with varying PM values

16 Step response
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——PM=20
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—— PM=40"
— PM=50
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~— PM=90"

14
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o
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Fig. 8. Step responses of the systems with varying PM values.
Example 2: The following plant is provided from [44].

100 025
e
(s+1)(100s +1)

P, (s) = (32)

where, the crossover frequencies are desired to be o, =2.4rad /s and o  =9.6rad/s. The
phase margin for this system is considered to be in the range of PM e (10° — 90°). Table 1

lists the controller parameters found for varying values of the PM with increment step of 10°.

Table 1. «,, k,, » and cm values found for the variations of pm .
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PM K, Ky iz GM

10° 7.41459 0.584873 1.45691 -17.5734
20° 7.42089 0.939277 1.37680 -14.1916
30° 7.15097 1.274590 1.32918 -12.0730
40° 6.63437 1577470 1.29542 -10.6383
50° 5.89552 1.837250 1.26862 -9.66704
60° 4.96091 2.045370 1.24545 -9.05521
70° 3.86056 2.195290 1.22390 -8.75061
80° 2.62791 2.282650 1.20247 -8.73079
90° 1.29881 2.305470 1.17972 -8.99532

Considering the PM to be 30°, Bode plot of the plant in this case is given in Fig. 9. Similarly,
step response of the system with +50% iterations of the gain when pm =30° is illustrated in
Fig. 10. Also step response of the system under 10% load disturbance is presented in Fig. 11.
According to Fig. 10 and Fig. 11, stability of the system is successfully achieved. It is observed
that the step response almost remained the same against the load disturbance. This proved the

effectiveness of the frequency frame for SOPTD plants controlled with FOPD controllers.

Bode Diagram

100 T T T
ol wgc=2'39 rad/s = "’pc=9'59 rad/s
% 60 3
=]
§ 40+ E Gain Margin (dB): -12.0679
= 2 Phase Margin (deg): -179.9024
S 20 =
% At frequency (rad/s): 9.59
S op-
-20
m
o o
© T
£ o
0 % 8
S 4 I'/\ A
Lo} . . vV
T 360 Gain Margin (dB): 0.064418
2 Phase Margin (deg): -150.0058
© At frequency (rad/s): 2.39
£ 720 quency (rad/s)
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Fig. 9. Bode plot of the plant when pm = 30°

14 Step response

~— Kp for PM=30"
——— Kp-50%

12 F
Kp+50%

o o
) © N
T

Amplitude

o
~
T

0.2t

| . |
0 5 10 15
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Fig. 10. Step response of the system with + 50% Vvariations in the gain.

Step response
14 presp

Original System for PM=30"
— 10% Load Disturbance

12

Amplitude
o o
() ©

04

02r

’ ’ Time (seconds) " *
Fig. 11. Step response of the system under 10% load disturbance.
Let us study on an SOPTD plant with high steady state error.
Example 3: The following plant is provided from [45].
0.5 C1ees

P,(8) = ——— ¢ (33)
(s+1)(0.55+1)

We consider the gain and phase margins to be », =o0.3rad /s and o, =0.9rad /s and the

phase margin to be Pm = 30°. Thus, following controller is obtained.

C,(s) = 4.703110 + 39.1087s""**" (34)
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Bode plot of the system controlled with the controller above is given in Fig. 12.

Bode Diagram

30 T T T
g “’gc=0'3 rad/s = <0.9 rad/s J
o 201 3
cl c % Gain Margin (dB): 19.6804
o 10 &° Phase Margin (deg): -0.00039334
E U At frequency (rad/s): 0.9
s 0
o
T
= 0+
20— 5
360 E -1
o
o ®
> 03 /\ Ar\
s WV
S 360 Gain Margin (dB): 0.00014546 \/J'
% 720 Phase Margin (deg): 30.0003
f At frequency (rad/s): 0.3
-1080 { "’gc=o'3 rad/s =§ i« wpc=0.9 rad/s
-1440 L 1 I
100 104 102 10° 102 10% 108

Frequency (rad/s)

Fig. 12. Bode plot of the system ¢, (s)P,(s) .

o . and PM are successfully satisfied. Also, step response of the system is

c! pc

Desired o
presented in Fig. 13. Fig. 13 shows that the system response is stable but it has a steady state
error as we expect. We can form the plant to include an integrator as p,(s) /s and compute the

related controller equations for the new plant. Then we obtain the step response given in Fig. 14.
It can be seen that the steady state error is considerably reduced. Consequently, the controller
obtained with the frequency frame method are proved with different examples.

Step response

~— Kp for PM=30"
—— Kp-50%
Kp+50%

Amplitude
o o
(%)) [

©
~

0 10 20 30 40 50 60
Time (seconds)

Fig. 13. Step response of the system c,(s)P,(s) .
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Step response
190 p resp

~ Kpfor PM=30"
——— Kp-50%

o o
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1
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02
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Fig. 14. Step response of the system including an integrator.

5. Conclusion

This paper performs the frequency frame approach for performance and robustness of SOPTD
plants by tuning FOPD controllers. It is observed that the controller obtained with the method
provided improved stability and robustness for such plants. Varied from existing studies, the
frequency frame approach considers both gain and phase crossover frequencies when computing
the controller parameters. With the help of the method, the system remained stable against +s0%

iterations of the controller gain k . Also it is shown that the system response almost remained

the same under unexpected load disturbances. Thus, desired results are satisfactorily obtained and

mathematical complexity is considerably reduced. The method is verified with three examples.
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